We present a simple way to estimate the effects of changes in a vector of observable variables X on a limited dependent variable Y when Y is a general nonseparable function of X and unobservables, and X is independent of the unobservables. We treat models in which Y is censored from above, below, or both. The basic idea is to first estimate the derivative of the conditional mean of Y given X at x with respect to x on the uncensored sample without correcting for the effect of x on the censored population. We then correct the derivative for the effects of the selection bias. We discuss nonparametric and semiparametric estimators for the derivative. We also discuss the cases of discrete regressors and of endogenous regressors in both cross section and panel data contexts.
Introduction
Many problems in economics involve dependent variables that are censored in some way. For example, one may wish to know how consumers who demand a positive amount of a good respond to changes in prices, income, or age. Furthermore, many of the restrictions placed on demand by consumer theory apply only to consumers who are not at corner solutions and must be tested using the uncensored observations. For example, one might wish to estimate a compensated price effect. In the factor demand literature, the problem of zero inputs often arises. For these reasons, a vast empirical literature has used the Tobit or generalized Tobit models to study the effects of a set of independent variables X on a censored dependent variable Y .
Unfortunately, almost all the literature on censored regression relies heavily on the assumptions of additive separability and/or monotonicity in the error term U. 1 In contrast, nonseparability and nonmonotonicity are likely to be the rule rather than exception in the choice problems based on constrained optimization that characterize much of economics. In a world of heterogeneous consumers, the demand function Y = M (X, U ) is unlikely to be additively separable in the observed price, income, and preference variables X and the unobserved preference variables U , especially given that preferences, prices, and endowments interact through budget and time constraints. Monotonicity in the vector U is also unlikely. Unobserved heterogeneity across firms in technology and efficiency will also enter factor input demand functions in a nonseparable way unless one artificially restricts the form that unobserved heterogeneity can take, as is often done by simply tacking an error term onto the demand model. 2 Altonji, Hayashi and Kotlikoff's (1997) study of altruism based models of money transfers from parents to children is a concrete example of nonseparability and censoring in a consumer demand context. In their application, Y = M (X p , X c , X 2 , U ) if M (X p , X c , X 2 , U ) is positive and is 0 otherwise, where X p and X c are the endowments of the parents and child and X 2 and U are vectors of observed and unobserved preferences of the parents and child. They point that nonseparability of M is a generic property of transfer equations that are based on a consumer choice framework with interdependent preferences. Furthermore, a key theoretical prediction of altruism models of transfers, ∂M (X p , X c , X 2 , U )/∂X p − ∂M (X p , X c , X 2 , U )/∂X c = 1, applies only if M (X p , X c , X 2 , U ) > 0, so one must account for both censoring and nonseparability if one wishes to test it. 3 In this paper, we present a simple way to estimate the effects of changes in a vector of observable regressors X on a censored dependent variable Y when Y is a general nonseparable function of X and unobservables U , and X is independent of U . The general model we consider includes models of the form Y = M (X, U ) if L(X) < M (X, U ) and Y = C L otherwise, where M (X, U ) is a differentiable function with respect to X indexed by U , L(X) is an unknown function of X, and Y = C L indicates that Y is censored from below. The parameter of interest is the average derivative β(x) = E[∇M (X, U )|X = x, L(X) < M (X, U )], where ∇M (X, U ) is the partial derivative of M (x, u) with respect to x evaluated at (x, u) = (X, U ). Note that in the ordinary linear censored regression model with an additive error (i.e., the Tobit model), β(x) is constant and coincides with the slope coefficients of the regressors.
Our estimation strategy is simple. The basic idea is (i) estimate the derivative of Ψ(x) = E[M (X, U )|X = x, L(X) < M (X, U )] with respect to x without correcting for the influence of x on the composition of the uncensored population (i.e., selection bias) and then (ii) correct the partial derivative ∇Ψ(x) for the effects of the selection bias. It turns out that the correction term has a simple structure which only depends on Ψ(x), L(x), and on the level and derivative of Pr{L(X) < M (X, U )|X = x}, the probability that Y is uncensored given X = x. We consider models in which Y is censored from both above and below but do not address the case in which the boundaries are stochastic conditional on X.
The paper continues in Section 2, where we provide a brief literature review. In Section 3 we present a canonical nonseparable censored dependent variable model. We then show that β(x) is identified from knowledge of certain estimable functions of x. Starting from the expression for β(x) that underlies our identification result, Section 4 discusses nonparametric and semiparametric estimation of β(x). Section 5 briefly discusses extensions to the case of discrete regressors and to the case of endogenous regressors in both cross section and panel data contexts. In Section 6 we provide some encouraging Monte Carlo evidence on the performance of our estimators.
Previous Literature
Some early efforts on estimation of parameters in nonseparable models are found in Han (1987) , Matzkin (1991) , and Powell (1991) . One of the difficulties in nonseparable models is to define an estimable parameter of interest. Han (1987) considered estimation of β in models where Y = M (X β, U ), Matzkin (1991) considered estimation of m in models where Y = M (m(X), U ), and Powell (1991) considered estimation of β in models where Y = M (X, β, U ). All models assume that U is a scalar and that M is nondecreasing in U . Han (1987) and Matzkin (1991) allow the function M to be unknown and Powell (1991) assumes it to be known. As the above authors discuss, these models generalize many limited dependent variable models, some hazard models, and some transformation models.
Since the early drafts of our paper were circulated, a few papers on nonparametric estimation of features of censored dependent variable models have appeared. Lewbel and Linton (2002) consider the additively separable model
where the constant c is known. Note that in their model β(x) = ∇m(x). Under the additive error model they show that ∇m(x) is the derivative of E[I{Y > c}(Y − c)|X = x] with respect to x divided by the conditional probability that Y is uncensored given X = x. We show that this result holds much more generally when we replace ∇m(x) with β(x). We do not require an additive error structure and allow for censoring from above and below and for censoring points that depend generally on X.
Chen, Dahl and Kahn (2005) provide an estimator for m(x) based on conditional quantiles in a model similar to Lewbel and Linton's. They assume M (X, U ) = m(X) + σ(X)U , where U is a scalar and independent of X and σ(X) is strictly positive. Their approach breaks down if monotonicity in U is dropped or the second additive error term appears in the model m. They do not consider estimation of β(x) or the case in which L(X) depends on X. In contrast, we place almost no restrictions on M (X, U ) but only consider estimation of β(x).
We wish to emphasize that interest in the conditional average effect β(x) depends on the question at hand and the source of the bounds L(x) and H(x). If L(x) and H(x) are due to data problems, (such as lower or upper bounds on reported values in a survey of business income) rather than a natural part of the model (such as nonnegative consumer expenditures) one is likely to be more interested in E[∇M (X, U )|X = x], the unconditional average effect of x, than in β(x). 4 If M takes the form of m(X) + U , as in Lewbel and Linton for example, then β(x) is both the conditional and the unconditional effect. Our estimator leaves M (X, U ) and the distribution of U essentially unrestricted. Note that
Since there are no data on Y when censored, E[Y |X, censored] cannot be identified without assuming separability or imposing restrictions on both M (X, U ) and the distribution of U. Therefore, E[Y |X] cannot be identified without a further assumption. One could combine our estimator of the conditional average effect with an estimator of the average effect for the censored cases that requires stronger assumptions.
Over the past decade there has been an explosion of research on nonseparable models with particular attention to models with endogenous regressors. 5 This literature is concerned with estimation of the partial effects of X on Y as well as with estimation of the structural function M (X, U ) and the distribution function of U given X, which we do not address. In the nonseparable simultaneous equation literature, monotonicity in a scalar valued U plays a key role in the identification of M (x, u) at given (x, u), but it may not be a reasonable assumption for consumer expenditure problems or for choice problems based on constrained optimization in general. We do not assume monotonicity in U or that U is a scalar.
The Model and Identification of β(x)
We first introduce the model and parameter of interest. Let X ∈ R k be a k × 1 random vector of observables, and M (X, U ) be a random function of X, where the unobservable random object U indexes a class of differentiable functions from R k to R. The random object U does not need to be a scalar random variable or a finite dimensional random vector. In our model, M (X, U ) is a latent variable. Instead we observe Y :
where L(X) and H(X) are scalar valued functions of X and C L and C H are constants that indicate whether Y is censored from below or above, respectively. Our notation allows for the possibility that the functions M (X, U ), L(X), and H(X) do not depend on all of the elements of X. The linear censored regression model (i.e., the Tobit model) is a special case of (1) in which U is a scalar random variable, M (X, U ) = X β + U , L(X) = 0, and H(X) = ∞. For notational convenience we introduce three indicator random variables:
where I{A} = 1 if the event A occurs and 0 otherwise, and the argument U is suppressed to simplify the notation. Let ∇ denote the partial derivative with respect to x. The parameter of interest, β(x), is the average derivative of M (X, U ) with respect to X given that X = x and Y is not censored:
Note that in the Tobit model mentioned above, β(x) corresponds to the constant slope parameter β.
We now discuss identification of the parameter of interest β(x). For the sake of exposition only we momentarily assume that U is a scalar with the Lebesgue density dµ and that M (x, u) is continuous and monotonic with respect to u for each x. If U and X are independent, the parameter of interest β(x) is written as
, respectively, and
Let us examine the relationship between the derivative of Ψ(x) and β(x). The Leibniz integral rule implies
. Therefore, using these facts and noting
The second term in (5) corrects for the fact that x affects selection of the population for which Y is observed. Given X = x, the correction term can be identified from (i) Ψ(x)∇G M (x), the product of the conditional mean of Y given that Y is uncensored and the derivative of the probability that Y is uncensored, (ii) H(x)∇G H (x), the product of the upper bound H(x) and the derivative of the probability that Y is censored from above, and (iii) L(x)∇G L (x), the product of the lower bound L(x) and the derivative of the probability that Y is censored from below. All components are normalized by G M (x), the probability that Y is uncensored. 6 We now consider the general case where U need not be a scalar and continuous and M (X, U ) need not be monotonic and continuous in U . In particular, we impose the following assumptions. Let N x be a neighborhood of x.
Assumption. Assume that
is continuously differentiable a.s. at each x ∈ N x , and there exists a function B such that for any
The first assumption is stronger than the usual conditional mean independence assumption E[U |X] = 0 in a regression framework. However, the maximum likelihood estimator for the Tobit model requires U to be normal and independent of X. In Section 5, we discuss the case of endogenous regressors. The second assumption reflects the definition of L and H as the lower and upper bounds. The fourth assumption is standard and guarantees that one may change the order of differentiation and integration. The rest of the assumptions are natural given that we wish to identify some aspects of derivatives. Here we implicitly assume that all elements of X are continuous.
Under these assumptions, we can show that the derivative formula in (5) still holds true and obtain the main theorem. The proof is contained in the appendix. We emphasize that this theorem applies to any random object U and that the region of integration need not be rectangular. In particular, U may be a vector and M (X, U ) need not be monotone in U . When L(x) = −∞, the term L(x)∇G L (x) does not appear in (5) and when H(x) = ∞, the term H(x)∇G H (x) does not appear. In the case of fixed censoring from below at zero (i.e., L(x) = 0 and H(x) = ∞), the formula is , and then (ii) estimate the correction term ∇Q(x) to estimate β. More generally, β(x) is given by (5) , where the last three terms on the right hand side correspond to the correction terms for sample selection. We emphasize that our approach can handle a general nonadditive random object including a random function.
Remark 3.2. [Reduction to one dimensional error] As pointed out by a referee, one could reduce the model (1) with the random object U to one with a scalar error term, sayŨ , by settingŨ = F (M (X, U )|X), where F (·|X) is the conditional distribution function of M (X, U ) given X, and definingM (X,Ũ ) byM (X,Ũ ) = F −1 (Ũ |X). If F (·|X) is strictly increasing,Ũ is uniformly distributed on (0, 1). ClearlyM (X,Ũ ) = M (X, U ), as one may verify by substituting the definition ofŨ in the right-hand side of the definition ofM , and the estimand β(x) remains the same whether we write the model in terms of M and U orM andŨ . Lemma 4.1 in the next section provides another model which implies observationally equivalent β(x). In general, there is a potentially large class of models which can yield observationally equivalent β(x). Although we could present the above identification result in terms ofŨ andM , we prefer the presentation in terms of U and M for the following reasons. First, we regard U and M as primitive objects which have direct economic interpretations, such as unobserved preferences for U and demand functions for M . The transformed objectsŨ andM are rather artificial. Therefore, the conditions of the theorem are more intuitive and easier for an applied researcher to verify when presented in terms of U and M . Second, the representation byŨ andM does not facilitate the proof of Theorem 3.1. The above intuitive argument only leads to a simple proof if F (·|X) is strictly monotonic. This excludes non-strict monotonic M with respect to U , discrete U, and U with non-contiguous support. When U is a general random object such as a utility function, it may require some additional conditions. In these general cases,Ũ is not uniformly distributed but is a mixed distribution of continuous and discrete points. With a mixed distribution ofŨ , the domain of integration with respect toŨ is hard to characterize and the intuitive argument in (3)-(5) under monotonicity and a continuous distribution on a contiguous support cannot be applied directly. One-dimensionality alone does not facilitate the proof, and having to impose some auxiliary assumptions to prove identification might mask the fact that only weak conditions are required on the primitives of the model.
Estimation
We can nonparametrically estimate β(x) by plugging nonparametric estimators for the unknown functions
, and H(x) into the identification formula (5). In Altonji, Ichimura and Otsu (2008) (hereafter, AIO (2008)), we suggest: (i) estimate the conditional mean and derivative functions Ψ(x), ∇Ψ(x), G M (x), ∇G M (x), ∇G L (x), and ∇G H (x) by local polynomial regression (see, e.g, Fan and Gijbels, 1996) , and (ii) estimate the boundary functions L(x) and H(x) by local polynomial extreme quantile regression (Chernozhukov, 1998 , and Ichimura, Otsu and , where the quantile point drifts to zero (to estimate L(x)) or one (to estimate H(x)) at a certain rate as the sample size increases. 7 AIO (2008) show that the nonparametric estimatorβ(x) is consistent and is asymptotically normal at the nh k+2 n -rate with the bandwidth h n for the local polynomial regression.
To avoid the curse of dimensionality, the slower convergence rate of the nonparametric estimatorβ(x) for larger k, AIO (2008) also propose an average derivative estimator over a compact subsetX of the support of X, that isβ = n −1 n i=1 I{X i ∈X}β(X i )/(n −1 n i=1 I{X i ∈ X}). They show that this estimator is asymptotically normal at the √ n-rate. An alternative parameter is the average derivative overX conditional on I M (X i ) = 1, which may be estimated asβ
, and H(x) without specifying the distribution of U . The following lemma identifies the conditions where the parametric specification can provide a consistent estimate of β(x).
Assumption. Assume that 2'. L(x) and H(x) are continuously differentiable at all x and there exists ε > 0 such that
, and G H (x) are continuously differentiable at all x and there exist
is continuously differentiable a.s. at all x, and there exists a function B such that for any x, |∇M (x, U )| ≤ B(U ) a.s., and
Lemma 4.1. Suppose Y is generated from (1) and Assumptions 1 and 2'-5' hold. Then there exist a functionM (x,ũ) =M 0 (x) +M 1 (x)ũ 1 +M 2 (x)ũ 2 withM 1 (x),M 2 (x) > 0 for all x, and random variablesŨ = (Ũ 1 ,Ũ 2 ) which are independent of X such that
Assumptions 2'-5' are global counterparts (over all x) of Assumptions 2-5, respectively. Note that these assumptions are very mild so that we can adopt various parametric functional forms for
, and H(x) to estimate consistently β(x). On the other hand, it should be noted that those parametric specifications do not necessarily provide a consistent estimator for the observed joint distribution (Y, X). Also it is remarkable that we do not need to consider more general forms ofM (X,Ũ ) than the one specified in this lemma. The reason is that the parameter of interest in our analysis is the conditional mean of the derivative ∇M (X, U ) rather than the whole function M (X, U ) or the distribution of U . 8 For example, suppose that we parametrize L(x; θ L ),
, and Ψ(x; θ L , θ H , θ R ) to satisfy the conditions in this lemma, where the parameters θ L , θ H , and θ R do not overlap. We can first estimate θ L and θ H by the extreme quantile regression estimatorsθ L andθ H (Chernozhukov, 2005) , and then estimate θ R by maximizing the criterion function:
, standard conditions guarantee the asymptotic normality of the semiparametric estimator for β(x) at the √ n-rate.
Extensions
In this section we briefly discuss some extensions of our approach. 9 
Endogenous Regressors in a Cross Section
One may use a control function approach to handle correlation between X and U . Assume that we have observables W which are not independent of X.
This assumption is strong, but will be hard to avoid unless one is willing to impose additional restrictions on M (X, U ), such as monotonicity in a scalar valued function of U . Let dµ(·|·) be the generic notation for conditional densities. The object β(x) in (2) can be written as
where
9 In AIO (2008), we consider measurement error in the outcome. Suppose that H(x) = ∞, L(x) is some known constant, and instead of Y and IM (X), we observe Y * = IRIM (X)(e1Y + e2) and I * M = IRIM (X), respectively, where the indicator IR for reporting is 1 with probability p and is 0 with probability 1 − p that is independent of (X, U, e1, e2), the multiplicative measurement error e1 is a positive random variable with mean µ that is independent of (X, U, IR), and the additive measurement error e2 is a random variable with mean 0 that is independent of (X, U, IR). It is easy to show that if one uses Y * instead of Y to estimate β(x) in (5), then the probability limit of the estimator of β(x) is µβ(x). If L(x) has to be estimated, this form of measurement error will lead to bias even for the case of µ = 1. More general forms of measurement error, such as correlation of IR with (X, U, e1, e2), will lead to bias even if µ = 1 and L(x) is known.
Differentiating Ψ(x, v) with respect to x holding v fixed leads to
Rearrangement of the above equation establishes
Taking v as known, the functions on the right hand side of (8) can be estimated using the nonparametric and semiparametric approaches discussed in Section 4. Thus we can estimate β(x, v) for each (x, v). The conditional density dµ(v|x) can be estimated by using the residualV of nonparametric regression of X on W as a proxy for V . Integration over v for the product of the estimators of β(x, v) and dµ(v|x) yields an estimator of β(x). Also, β(x) = E[β(X, V )|X = x] can be estimated by nonparametric regression of β(X,V ) on X.
Our treatment of endogeneity is closely related to a number of estimation procedures in the literature in which an estimated control variable is used, particularly Smith and Blundell (1986) and Rivers and Vuong (1988) in the context of the Tobit and probit models. Because of nonseparability between X and U , one must use (7) A number of papers in the literature discuss estimation in nonseparable models with endogenous variables when a control variable Z that is excluded from X is observed directly and has the property U ⊥ X|Z. If one has such a variable, then one can estimate β(x) aś β(x, z)dµ(z|x), where one obtains β(x, z) by replacing v with z, V with Z, and dµ(v|x) with the conditional density dµ(z|x) of Z given X = x in the equations leading to β(x, v). The problem with this strategy, of course, is that it may be hard to think of applications in which an appropriate Z variable is directly available.
Endogenous Regressors in a Panel
Suppose that one has panel data observations Y it , X it , and I M it = I{Y it is uncensored}, where i is a group indicator and t is a time indicator (t = 1, . . . , T ). It may be possible to construct a suitable control variable Z from the panel data on X it . Following Matzkin (2001, 2005) , if the conditional distribution of U it is exchangeable in (X i1 , . . . , X iT ), then symmetric functions of (X i1 , . . . , X iT ), such as the group mean of X it for each i, might be a suitable choice for Z i such that X it ⊥ U it | Z i . See Matzkin (2001, 2005) for the details. 11 12 In some applications within group variation in U it may be related to X it conditional on Z i . Following the lines of the papers above, the estimated control variable approach in Section 5.1 can be extended by writing X it = ϕ(W it , Z i ) + V it with E[V it |W it , Z i ] = 0 a.s. and assuming U it ⊥ W it |Z i , V it . In this case, the parameter of interest can be written as β(x) =´z ,v β(x, z, v)dµ(z, v|x it = x), where β(x, z, v) is defined by replacing v with (z, v), V with (Z, V ), and dµ(v|x) with the conditional density dµ(z, v|x) of (Z, V ) given X = x in (8) .
The panel data version of our estimator complements Honoré's (1992) trimmed LAD estimator, which permits one to estimate θ in censored and truncated regression models when M (X it , U it ) = X it θ +U it . His estimator is based on differencing the panel observations in clever ways and is quite distinct from our approach. See Arellano and Honoré (2001, Section 7) for additional discussion and references.
Discrete Regressors
Our identification strategy may be generalized to the case where the regressor vector X contains not only continuous regressors X C but also discrete ones X D . Let β C (x C , x D ) denote the vector of average derivatives of M (X, U ) with respect to X C given I M (X) = 1, X C = x C , and X D = x D . It would be straightforward to extend our methods above to allow estimation of β C (x C , x D ). However, estimation of the effect of X D raises issues of identification. For simplicity, assume X D is a scalar binary variable and L(X) = 0 and H(X) = ∞. There are a number of ways we can define parameters of interest. For example, we can consider identification of
This is the effect of a shift in X D from 0 to 1 on the average value of Y chosen by those for whom I M (x C , 0) = 1 (initially uncensored). 13 In our setup, the object β 01 Heckman, Smith and Clements, 1997) , and obtain the following estimable bounds for β 01
A Monte Carlo Investigation
We now evaluate the finite sample performance of our nonparametric and semiparametric estimators for average derivatives. In Table 1 , we report the results of Monte Carlo experiments based on the model
. We consider three cases for the parameter values,
In Cases 1 and 3, the censoring point L(X) = 0 is treated as known. Case 2 requires estimation of the boundary function L(X). In Case 3, the function M (X, U ) is linear and separable. So, β(x) is constant and the conventional Tobit is the maximum likelihood estimator. The column headings report the values of x at which β(x) is evaluated. The column labelled "Avg. β" reports results for the averaged estimatorβ = . Note that β(x) varies substantially with x in both Cases 1 and 2, and the variation is due entirely to selection. The rows labelled "AIO-NP" report the results for a nonparametric estimator, the rows labelled "AIO-SP" report the results for a semiparametric estimator, and the rows labelled "Tobit" report the results for the Tobit estimator. The rows labelled "Unadjusted" report the nonparametric estimator of ∇Ψ(x), the first term of (5). The first rows for each panel of the estimators report the means of the estimates across Monte Carlo replications. The rows labelled with "sd" report the standard deviations of the estimates across the replications. The rows labelled "se" report the means of the asymptotic standard error estimates, and the rows labelled "90%" are the coverages rates of the 90% asymptotic confidence intervals. The sample size is 2,000 and the number of replications is 5,000.
For AIO-NP, we estimate the functions Ψ, ∇Ψ, G M , and ∇G M by local second-order polynomial regressions with the Epanechnikov kernel and the rule of thumb bandwidth in Fan and Gijbels (1996) . In Case 2, the boundary function L(x) is estimated by local linear quantile regression at the first percentile with the uniform kernel and the bandwidth at 0.5. For AIO-SP, we specify Ψ(x; θ 1 ) to be a fourth order polynomial in x plus a constant term and estimate θ 1 by OLS. We do not impose the restriction that the estimated values of Ψ(x; θ 1 ) are greater than 0 for all x. For the conditional probability G M (x; θ 2 ), we specify G M (x; θ 2 ) = Φ(P (x; θ 2 )) where Φ(·) is the standard normal distribution function and P (x; θ 2 ) is a fourth order polynomial in x plus a constant. We estimate θ 2 by the maximum likelihood. In Case 2, L(x) is estimated by the linear quantile regression at the first percentile. 14 The Tobit estimation assumes that the analyst does not know the form of M (X, U ) and approximates it with a fourth-order polynomial with an additively separable normal error term. In Case 2, the Tobit is estimated assuming the true boundary function L(x) is known.
In Case 1 Tobit substantially underestimates β(x) for all values of x. The unadjusted estimator substantially overestimates β(x). Thus, the effect of the correction term (i.e., the second term in (5)) is not negligible. The bias in AIO-NP is very small for all values of x, but (surprisingly) is bit larger for Avg. β and Avg β * . The standard errors of AIO-NP are close to the Monte Carlo standard deviations of the estimates. Coverage rates are close the nominal level of 90%. AIO-SP also exhibits little bias. Not surprisingly, it has a smaller standard deviation than AIO-NP. The standard errors of AIO-SP are close to the Monte Carlo standard deviations and coverage rates are close to 90%.
In Case 2, we need to estimate the boundary function L(x). In spite of this additional complication, the results are similar to Case 1. Both AIO-NP and AIO-SP track β(x) closely, while Tobit with knowledge of L(x) and the unadjusted regression estimator are both substantially biased. The standard errors for AIO-NP are overstated and coverage rates are above the nominal value.
In Case 3, Tobit is the maximum likelihood estimator for β(x), which equals −0.5 for all values of x. This case is useful for evaluating the efficiency loss of our estimators compared to Tobit. The standard deviations of AIO-NP are about three times larger than those of Tobit for the average derivative and typically about 1/3 larger at specific values of x. The efficiency loss of AIO-SP compared to Tobit is small.
In AIO (2008), we report results for additional parameter values and for designs in which U 1 = U 2 . The results are generally consistent with those we report here. However, we have found cases in which the fourth-order polynomial for AIO-SP does not provide an adequate approximation over the whole range of x, leading to significant bias for some values of β(x). For example, in Case 1 when X is uniform over [−4, 4] , AIO-SP underestimates β(x) at x = 2 by about .21, while AIO-NP tracks β(x) closely. One can, of course, alter the bias/variance properties of AIO-NP by changing the bandwidth. Similarly, one can alter the functional forms for AIO-SP. The best choice depends on sample sizes and prior information about functional forms.
Overall, the Monte Carlo results are very encouraging.
Since the argument is analogous, we only show the result for an upper bound. For any small ε > 0 that satisfies the neighborhood condition in Assumption 4, by the mean value theorem there exists 0 <ε < ε such that M (x + εe 1 , U ) = M (x, U ) + ∇M (x + εe 1 , U )ε a.s. Thus, by Assumption 4
a.s., where N (x, ε) is a neighborhood around x with radius ε. Analogously by replacing the supremum with the infimum, we can show that
By these inequalities, (11) can be bounded from above by
By Assumptions 2, 4, and 5, the Lebesgue dominated convergence theorem implies that the second term and the fourth term converge to zero. The first term and the third term can be rewritten as
which is the right hand side of (10) under Assumptions 2 and 3. The conclusion is obtained.
A.2 Proof of Lemma 4.1
The basic idea of the proof is as follows. First, independently from x, we pick any strictly increasing distribution functions F 1 and F 2 with continuous densities f 1 and f 2 such that
for j = 1, 2, where p 1 , p 2 , p L , and p H satisfy Assumption 3' and ε satisfies Assumption 2'. Since sup x |H(x) − L(x)| is bounded by a constant from Assumption 3', it is possible to choose such F 1 and F 2 . We set the joint density ofŨ as fŨ (ũ 1 ,ũ 2 ) = f 1 (ũ 1 )f 2 (ũ 2 ). Second, we pick any point x. Third, for the given x, we show the existence of (M 0 (x),M 1 (x),M 2 (x)) satisfying the equivalence Ψ(x) = E[M (X, U )|X = x, I M (X) = 1] = E[M (X,Ũ )|X = x, I M (X) = 1]. Fourth, observe that we can apply this argument for any x with the same F 1 and F 2 above to show the equivalence on Ψ(x) for all x (note: F 1 and F 2 do not depend on x by definition). 
